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1 Lecture 1 - Introduction & Mathematics

Pensum: Chapter 2

Contents

• Basic concepts and introduction of control theory

• Description of the dynamic behavior of physical systems by differential equations

• Linearization of dynamic equations

• Fundamentals and application of Laplace transforms

1.1 Basic concepts and introduction of control theory

A control system is a device, or a set of devices, that manages, commands, directs or regulates the behavior (output)
of other device(s)/system(s)/processes by adjusting the input.

Figure 1: Generic Block Diagram

• The output is usually called the measured output

• Process means component to be controlled

1.1.1 Open Loop vs Closed Loop Control Systems

• An open loop control system utilizes an actuating device to control the process directly without any feedback

• A closed-loop control system uses a measurement of the output and feedback of this signal to compare it with
the desired output

There are pros and cons for both.

Open-loop Closed-loop

• Is simpler than closed-loop control

• Does not require a sensor to measure the out-
put

• Does not, of itself, introduce stability prob-
lems

• Has poor performance (compared to closed-
loop) in matching the desired output

• Can respond to disturbances

• No human adjustment of the control variable
needed

• Has better performance than open-loop

• Is more complex than open-loop control, may
have steady-state error, may cause stability
problems

Table 1: Comparison between open-loop and closed-loop control.

(Her er jeg usikker p̊a om jeg skal smide noget ind om det eksempel med den bil der)
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1.2 Description of the dynamic behavior of physical systems by differential equations

To understand and control systems, one must obtain mathematical models of these systems. The equations that
typically describe real world dynamical systems are differential equations. If these equations are then linearized
we may use the laplace transform as a powerful method to find its solutions. In this course we only operate
within linearity.

Example: Spring-Mass-Damper Mechanical system

Figure 2: Spring-mass-damper system

We consider the Spring-mass-damper system and wish to derrive a mathematical model describing it. Using
Newtons 2nd law yields

mÿ(t) = r(t)− bẏ(t)− ky(t)

⇕

mÿ(t) + bẏ(t) + ky(t) = r(t)

One solution strategy here could be the laplace transform to obtain the dynamic response of the system. If
the mass is displaced an initial distance of y(0) = y0, the dynamic response is given as

y(t) = K1e
−α1t sin(β1t+ θ1)

An analogous system could be the RLC eletric circuit, which is also a second order system with the same
solution shape.

1.3 Linear Approximations of physical systems

1.3.1 Definition of a linear system

A great majority of systems are linear within some range of the variables - generally systems ultimately become
nonlinear as the variables are increased without limit. A system can be defined as linear in terms of the system
excitation and response. When a system is at rest and subjected to an excitation x1(t), it provides a response
y1(t). Furthermore is it is subjected to an excitation x2(t) is has response y2(t). For a linear system the principle
of superposition holds, which means that for an excitation x1(t) + x2(t) the response is then y1(t) + y2(t).
Furthermore, a linear system follows the property of homogeneity. This means that if i scale my input by some
factor, i scale my output by the same factor. I.E and input βx(t) produces an output βy(t). We may define that
A linear system satisfies the properties of superposition and homogeneity.

1.3.2 Approximating non-linear systems as linear

Most system are in general non-linear in character, but they can often be linearized to their operating points. As
an example, the mass damper system in the example from above is linear when the mass is subjected to small
deflections y(t), but if y(t) instead was continuously increased, the spring would be overextended and break. Thus
linearity and range of applicability must be considered for such a system. Usually linearity about an operating point
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utilizes the Taylor series expansion about the operating point. Usually the linear approximation if applicable
for small signals.

Example: Linearization of non-linear spring

Figure 3: Non-linear mass-spring system

We consider a non-linear spring which has the relationship that

f = y2

We may approximate this spring around its operation point (which is its equilibrium point) by the Taylor
series expansion. In this case since we have y2, our linear approximation is simply the slope. It is apparent
from the figure of the response, that for small deflections from the equilibrium point, the linear approximation
is very close to the actual curve.

1.4 Laplace Transform

1.4.1 Introduction to the Laplace Transform

The motivation behind the Laplace transform, is to convert linear ODEs into algebraic equations, which are easier
to solve. The time response is obtained using the Laplace transform as follows

1. Obtain linearized differential equation

2. Laplace transform the equation into an algebraic equations

3. Solve the algebraic equation for the variable of interest

4. Do the inverse Laplace transform (using a table)

The formula for the laplace transform is

F (s) =

∫ ∞

0−
f(t)e−stdt = L({(⊔)) (1.1)

And the inverse laplace transform is written as

f(t) =
1

2πj

∫ σ+∞

σ−∞
F (s)estds

These integrals can sometimes be tough, so generally a table is used to convert back and forth between the time
domain and the Laplace domain.
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Figure 4: Table of Laplace transforms
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The properties of the Laplace transform are:

• Integration in time: 1
s in Laplace.

• Differentiation in time: s in Laplace.

• Addition/scaling: L(af1(t) + bf2(t)) = aF1(s) + bF2(s)

• Initial value theorem: f(0+) = lim
s→∞

sF (s)

• Final-value theorem lim
t→∞

f(t) = lim
s→0

sF (s)

1.4.2 Transfer function

The ratio of the Laplace transform of the output variable to the Laplace transform of the input variable, with all
initial conditions assumed to be zero. The transfer function describes the dynamics of the system under considera-
tion. It only tells us about the input output relationship, so it doesn’t contain any information about the internal
structure of the system.

Figure 5: Transfer function model

When considering an input (or reference point) R(s) and the corresponding output Y (s). the transfer function is
defined as

G(s) =
Y (s)

R(s)

Example: Spring-Mass-Damper Mechanical system transfer function

We once again consider the example of the mass-damper-spring system. The governing differential equation
is

mÿ(t) + bẏ(t) + ky(t) = r(t)

Taking the Laplace transform on both sides yields

s2Y (s) + bsY (s) + kY (s) = R(s)

Isolating the ratio thus yields a transfer function

G(s) =
Output

Input
=

Y (s)

R(s)
=

1

ms2 + bs+ k

Generally a transfer function can be written in terms of two polynomials. We may state that in the most general
case

G(s) =
Y (s)

R(s)
=

pn−1s
n−1 + pn−2s

n−2 + · · ·+ p0
sn + qn−1sn−1 + · · ·+ q0

=
p(s)

q(s)

We denote q(s) = 0 as the characteristic equation, as this is what determined our output response. The solutions
to q(s) = 0 are called poles - this is where are transferfunction blows up to infinity. The location of these poles tell
us about the stability of our system - but more on that later. The solutions to p(s) = 0 are called zeros. These
are the points where the transfer function becomes 0.

7



1.5 Partial fraction expansion (Used for Laplace Transforms)

When doing the Laplace transform, one obtains a result for the output Y (s) which is usually on the form of a rather
complex fraction. Consider the output response

Y (s) =
m(s)

q(s)
+

p(s)n(s)

q(s)d(s)
= Y1(s) + Y2(s) + Y3(s)

Doing the inverse Laplace transform will yield the output in the time domain as

y(t) = y1(t) + y2(t) + y3(t)

Since tables are generally used to go between the two domains, these complex fractions need to be broken up into
more manageable terms, so that the table of Laplace transforms may be used. Consider the general case once again

G(s) =
Y (s)

R(s)
=

pn−1s
n−1 + pn−2s

n−2 + · · ·+ p0
sn + qn−1sn−1 + · · ·+ q0

=
p(s)

q(s)

We set q(s) = 0 to get n poles −si and we write

G(s) =
Ks1

s+ s1
+

Ks2

s+ s2
+ · · ·+ Ksn

s+ sn

These coefficients Ksi are called residuals, and they may we found from the formula

Ksi =

[
(s+ si)

p(s)

q(s)

]
s=−si

(1.2)

This is best illustrated by an example

Example: Partial fraction expansion

We consider the transfer function

G(s) =
5s+ 3

(s+ 1)(s+ 2)(s+ 3)

The poles of q(s) are s1 = 1, s2 = 2, s3 = 3. We must then be able to write the transfer function in the form

G(s) =
Ks1

s+ 1
+

Ks2

s+ 2
+

Ks3

s+ 3

The residuals are calculated using the above-mentioned equation 1.2.

Ks1 =

[
(s+ 1)

5s+ 3

(s+ 1)(s+ 2)(s+ 3)

]
s=−1

=
5(−1) + 3

(−1 + 2)(−1 + 3)
= −1

Ks2 =

[
(s+ 2)

5s+ 3

(s+ 1)(s+ 2)(s+ 3)

]
s=−2

=
5(−2) + 3

(−2 + 1)(−2 + 3)
= 7

Ks3 =

[
(s+ 3)

5s+ 3

(s+ 1)(s+ 2)(s+ 3)

]
s=−3

=
5(−3) + 3

(−3 + 1)(−3 + 2)
= −6

Which yields the transfer function

G(s) = − 1

s+ 1
+

7

s+ 2
− 6

s+ 3

Now let’s consider a case where we use partial fraction expansion to solve an ODE. This is done with another
example combining the partial fraction expansion and the Laplace transform table. After this the in-class excercise
from lecture 1 is done.
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Example: Solving ODE with Laplace transform and partial fraction expansion

We consider the ODE
ÿ(t) + 6ẏ(t) + 8y(t) = 2

with intial conditions 0, and wish to find its solution. Taking the Laplace transform on both sides yields

s2Y (s) + 6sY (s) + 8Y (s) =
2

s

Algebra yields

Y (s) =
2

s(s2 + 6s+ 8)
=

2

s(s+ 2)(s+ 4)

The poles roots of the denominator are s1 = 0, s2 = 2, s3 = 4. The residuals are calculated

Ks1 =

[
(s+ 0)

2

s(s+ 2)(s+ 4)

]
s=−0

=
2

8
=

1

4

Ks2 =

[
(s+ 2)

2

s(s+ 2)(s+ 4)

]
s=−2

=
2

(−2)(4− 2)
= −1

2

Ks3 =

[
(s+ 4)

2

s(s+ 2)(s+ 4)

]
s=−4

=
2

(−4)(2− 4)
=

1

4

From this we may rewrite

Y (s) =
1

4s
− 1

2(s+ 2)
+

1

4(s+ 4)

From the Laplace table, we transform back to get

y(t) =
1

4
− 1

2
e−2t +

1

4
e−4t

A plot of this function looks like

Figure 6: Solution plot
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In-class exercise: simple laser printer

A laser printer uses a laser beam to print copy rapidly for a computer. The laser is positioned by a control
input r(t) so that we have

Y (s) =
4(s+ 50)

s2 + 30s+ 200
R(s)

1. if r(t) is a unit step input, find the output y(t)

2. What is the final value of y(t)?

For a unit step input, R(s) = 1
s . This yields

Y (s) =
4(s+ 50)

s2 + 30s+ 200

1

s
=

4(s+ 50)

s(s+ 10)(s+ 20)
.

The characteristic equation q(s) = 0 has poles s1 = 0, s2 = 10, s3 = 30. Using partial fraction expansion we
seek to rewrite this on the form

Y (s) =
Ks1

s
+

Ks2

s+ 10
+

Ks3

s+ 20
.

The residuals are calculated using equation 1.2

Ks1 =

[
(s+ 0)

4(s+ 50)

s(s+ 10)(s+ 20)

]
s=−0

=
4(50)

(10)(20)
= 1

Ks2 =

[
(s+ 10)

4(s+ 50)

s(s+ 10)(s+ 20)

]
s=−10

=
4(50− 10)

−10(20− 10)
= −8

5

Ks3 =

[
(s+ 20)

4(s+ 50)

s(s+ 10)(s+ 20)

]
s=−20

=
4(50− 20)

−20(10− 20)
=

3

5

From this we get

Y (s) =
1

s
− 8

5(s+ 10)
+

3

5(s+ 20)

Using the laplace table, this yields the sime solution of

y(t) = 1− 8

5
e−10t +

3

5
e−20t

A plot of the solution

Figure 7: Position of laser beam vs time

To find the final value of y(t) the final value theorem is used.

yss = lim
s→0

sY (s) = lim
s→0

1− 8s

5(s+ 10)
+

3s

5(s+ 20)
= 1
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2 Lecture 2 - Block Diagrams

Pensum: Chapter 2:

Contents

• Block diagrams

2.1 Block diagrams

Block diagrams are schematic representations of the cause-and-effect relationship throughout the system together
with the transfer functions and the variables of interest. Typical elements of block diagrams are

• Comparators

• Blocks representing individual component transfer functions

• Input / reference signals

• Output signals

• Disturbance signals

• Feedback loops

Figure 8: Block diagram with different components

They are used a lot in control theory! So it is important to know how to reduce block diagrams into a single block
and how to manipulate them. Below is a table on the different way one can manipulate block diagrams.
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Figure 9: Block Diagram Transformations
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Example: Deriving equivalent block diagram for negative feedback loop

We consider the case where the feedback is negative.

Figure 10: Feedback loop

We may state that
X2 = (X1 −X2H)G

From this we do some algebra
X2(1 +GH) = GX1

Which yields the result we see in the table after isolating the ratio of input and output.

X2

X1
=

G

1 +GH

Example: Reducing big block diagram

We wish to reduce this block diagram to a single one

Figure 11: Big Bad Blockdiagram

Using the table, we may determined the transfer function as

Y (s)

R(s)
= G1

G2

1−G2H2

G3

1−G3H3
G4 +G5

G6

1−G6H6

G7

1−G7H7
G8

One may reduce it a bit in size, but not much

Y (s)

R(s)
=

G1G2G3G4

(1−G2H2)(1−G3H3)
+

G5G6G7G8

(1−G6H6)(1−G7H7)

13



3 Lecture 3 Feedback Control System Characteristics

Pensum: CH4

Contents

• Basic concepts and structures

• Error signal analysis

• Sensitivity to parameter variations

• Disturbance rejection

• Measurement noise attenuation

• The transient response control

• Steady-state error

• The cost of feedback

3.1 Basic Concepts and Structure

A control system is defined as an interconnection of components forming a system that will provide the desired
response. We generally consider two types; open loop systems and closed loop system. Open loop systems
operate without feedback and directly generates in response to an input signal, this makes it highly sensitive to
disturbance and to changes in parameters.

Figure 12: Open loop control system

A closed loop system uses a measurement of the output signal and compares it to the the desired output, thus
creating an error signal that is to be used by the controller to adjust the actuator. Such a system has a certain
robustness against disturbances and parameter changes.

Figure 13: Closed loop control system

A closed loop system increases both the cost and the complexity of a system, but it does provide a lot of
advantages.

• Decreased sensitivity of the system to variations in the parameters of the process

• Improved rejection of the disturbances.

• Improved measurement noise attenuation.

• Improved reduction of the steady-state error of the system.

• Easy control and adjustment of the transient response of the system
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3.2 Error signal analysis

The tracking error of a system is defined as the difference in input and output. Formally it is defined as

E(s) = R(s)− Y (s)

When considering the closed-loop system in figure 13 in a case of unity feedback (H(s) = 1), some block-diagram
manipulation along with the principle of superposition yields an output of

Y (s) =
Gc(s)G(s)

1 +Gc(s)G(s)
R(s) +

G(s)

1 +Gc(s)G(s)
Td(s)−

Gc(s)G(s)

1 +Gc(s)G(s)
N(s)

With a tracking error of

E(s) =
1

1 +Gc(s)G(s)
R(s)− G(s)

1 +Gc(s)G(s)
Td(s) +

Gc(s)G(s)

1 +Gc(s)G(s)
N(s)

(A lengthy derivation of this is in OneNote - but it is just a lot of block-diagram and algebra jibber jabber.)

We define the loop gain as
L(s) = Gc(s)G(s) (3.1)

The tracking error in terms of the loop gain is then given as

E(s) =
1

1 + L(s)︸ ︷︷ ︸
S(s)

R(s)− G(s)

1 + L(s)
Td(s) +

L(s)

1 + L(s)︸ ︷︷ ︸
C(s)

N(s) (3.2)

It’s already from this apparent that increasing the loop gain L(s) decreases the error from the input and the
disurbance, but increass the error from the noise, so we have a conflict. If we write the tracking error in terms of
the sensititivity function S(s) and the complementary sensitivity function C(s) we get

E(s) = S(s)R(s)−G(s)S(s)Td(s) + C(s)N(s)

From this we see, that if we want to minimize the tracking error, we wont both S(s) and C(s) to be small (these
are both functions of Gc(s) which we design). This isn’t possible however, due to the fact that

S(s) + C(s) = 1

So we need to find a compromise somehow between these two. The smart thing is to make L(s) large over
the frequencies (where disturbance input usually happens), and small over the higher frequencies (where noise
input usually operates). Making a loop function large essentially just means having a large Gain over the desired
frequencies.

3.2.1 Sensitivity to parameter variations

A process represented by the transfer function G(s) may change with time. This can be due to environment, aging,
etc. In an open loop system, any changes in the process ∆G(s) will result in inaccurate output or low performance.
Essentially because the system has changed from what it was calibrated to. These uncertainties may be reduced
by using closed loop.

The system sensitivity is defined as the ratio of the percentage change in the system transfer function. to the
percentage change of the process transfer function. That is

S =
∆T (s)/T (s)

∆G(s)/G(s)

And for small incremental changes

S =
∂T (s)/T (s)

∂G(s)/G(s)
=

∂ lnT

∂ lnG
(3.3)
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I like this equation more, as it is a lot easier to understand

ST
G =

∂T

∂G

G

T
(3.4)

Which means the sensitivity of T with respect to G. Now lets say we want to find the sensitivity to a parameter
of the process. The process transfer function may have different parameters that can change (a mass-spring-
damper system, both the damper and spring may worsen with time for example). The then must use the chain
rule. To get the sensitivity to a parameter α we do

ST
α = ST

GS
G
α

Not since a transfer function is often a fraction of a system T (s, α) = N(s,α)
D(s,α) we may also write

ST
α = SN

α − SD
α

There are some examples in the book, but honestly i doubt a lot of this is going to be on the exam.

Example: Sensitivty of open loop vs closed loop system

Open loop system: We consider a generic open loop transfer function

T (s) = Gc(s)G(s).

The sensitivity is calculated using Eq. 3.4.

ST
G =

∂T

∂G

G

T
= Gc(s)

G(s)

Gc(s)G(s)
= 1

Closed loop system: We consider the generic closed loop transfer function with unity feedback

T (s) =
Gc(s)G(s)

1 +Gc(s)G(s)

The sensititivty may be calculated as

ST
G =

∂T

∂G

G

T
=

Gc(s)(1 +Gc(s)G(s))−Gc(s)G(s)Gc(s)

(1 +Gc(s)G(s))2
G(s)

Gc(s)G(s)/(1 +Gc(s)G(s))

⇕

ST
G =

Gc(s)

(1 +Gc(s)G(s))2
G(s)

Gc(s)G(s)/(1 +Gc(s)G(s))
=

Gc(s)

1 +Gc(s)G(s)

G(s)

Gc(s)G(s)

Finally leading to

ST
G =

1

1 +Gc(s)G(s)

3.2.2 Disturbance rejection

We look at Eq 3.2 with R(s) = N(s) = 0.

E(s) = −S(s)G(s)Td(s) = − G(s)

1 + L(s)
Td(s)

• Large loop gain leads to good disturbance rejection

• In practice, the disturbance signals are often low frequency. Therefore, it is desirable to design Gc(s) so
that S(s) is small at low frequencies (which means that L(s) is high at these frequencies
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3.2.3 Measurement noise rejection

If we once again consider Eq. 3.2, now with Td(s) = R(s) = 0 the error is given as

E(s) = C(s)N(s) =
L(s)

1 + L(s)
N(s)

• To achieve good measurement attenuation, L(s) should be small at frequencies where the noise is

• The trade off in the controller design has to be made as S(s) + C(s) = 1

• The tradeoff can be made using the frequency separation. Since measurement noise is usually a high
frequency signal, having large L(s) at low frequencies and small L(s) at high frequencies, we may have both
good disturbance and noise rejection.

3.2.4 Control of the transient response

The Transient response is the response until we reach steady-state. In lecture 4 the charachteristics of the
transient response are discussed in more detal.

• For an open-lop control system, the process G(s) must be replaced with a more suitable process, or one must
design a good controller Gc(s)

• For a closed loop system, feedback loop parameters can often be adjusted to yield the desired responde

3.2.5 Steady state error

The error in the stady state, so how much the output differs from the reference input once steady state is reached.
The steady state error is defined as

e(∞) = lim
s→∞

sE(s)

Where E(s) = R(s)− Y (s)

3.3 Examples and in class exercises
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Example: Disk drive system

Figure 14: Disk Drive system

Asked to find

• Steady state error for a unit step input

The transfer function of the system is computed

T (s) =
Ka

5000
s+1000

1
s(s+20)

1 +Ka
5000

s+1000
1

s(s+20)

=
1

s(s+1000)(s+20)
5000Ka

+ 1
=

1
s(s+1000)(s+20)

5000Ka
+ 5000Ka

5000Ka

Yielding a cleaned up version

T (s) =
5000Ka

s(s+ 1000)(s+ 20) + 5000Ka

For a unit step input, R(s) = 1
s , thus the error signal is

E(s) = R(s)− Y (s) = R(s)−R(s)T (s) = R(s)(1− T (s))

⇕

E(s) =
1

s
(1− 5000Ka

s(s+ 1000)(s+ 20) + 5000Ka
)

The steady state error is calculated as

e(∞) = lim
s→0

sE(s) = lim
s→0

(1− 5000Ka

s(s+ 1000)(s+ 20) + 5000Ka
) = 1− 5000Ka

5000Ka
= 0

So no matter how we choose Ka, the steady state error is always 0. We may look at the response for different
Ka

Figure 15: Response for different Ka
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Example: Disk drive system (continued)

We see that for the higher Ka the system is faster, but it does however show some oscilatory behaviour which
is bad. We now examine the resulting output from disturbance. The transfer function for the disturbance is
calculated. OBS!: Td(s) is negative so we multiply be -1.

Tdis(s) = −
1

s(s+20)

1 +Ka
1

s(s+20)
5000

s+1000

= − 1

s(s+ 20) + 5000Ka

s+1000

= − s+ 1000

s(s+ 20)(s+ 1000) + 5000Ka

We may plot the effect of a unit disturbance with R(s) = 0 using the fact that

Ydis(s) = Tdis(s)Td(s)

Figure 16: System response to disturbance

And as expected, the more we increase the loop gain, the smaller of an effect the disturbance has.
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In class exercise: E4.11

Figure 17: Closed-loop system with nonunity feedback.

Consider the system in the figure where

G(s) =
K

s+ 10
and H(s) =

14

s2 + 5s+ 6

• Compute the transferfunction T (s) = Y (s)/R(s)

• Define the tracking error to be E(s) = R(s) − Y (s). Compute E(s) and determine the steady-styate
tracking error due to a unit step input

• Compute the transfer function Y (s)/Td(s) and determine the steady state error of the output due to a
unit step disturbance input.

• Compute the sensitivity ST
K

Compute the transfer function: T (s) = Y (s)/R(s)

Using block diagram manipulation, and also realizing that H(s) = 14
(s+2)(s+3) then

T (s) =
K

s+10

1 + K
s+10 · 14

(s+2)(s+3)

=
1

s+10
K + 14

(s+2)(s+3)

=
1

(s+10)(s+2)(s+3)+14K
K(s+2)(s+3)

Cleaning up

T (s) =
K(s+ 2)(s+ 3)

(s+ 10)(s+ 2)(s+ 3) + 14K

Define the tracking error and compute the steady state error to a unit step

E(s) = R(s)− Y (s) = R(s)− T (s)R(s) = R(s)(1− T (s))

And in the case of R(s) = 1
s

E(s) =
1

s
(1− K(s+ 2)(s+ 3)

(s+ 10)(s+ 2)(s+ 3) + 14K
)

The steady state error is calculated

e(∞) = lim
s→0

sE(s) = 1− K(2)(3)

(10)(2)(3) + 14K
= 1− 6K

60 + 14K
=

60 + 14K

60 + 14K
− 6K

60 + 14K
=

60 + 8K

60 + 14K
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In class exercise: E4.11 (continued)

Compute the transfer function Y (s)/Td(s) and determine the steady state error of the output
due to a unit step disturbance input

Y (s)

Td(s)
=

1

1 + K
s+10 · 14

(s+2)(s+3)

=
(s+ 10)(s+ 2)(s+ 3)

(s+ 10)(s+ 2)(s+ 3) + 14K

The steady state error due to a step disturbance input, is simply just the steady state value of the disturbance
input.

ed(∞) = lim
s→∞

sY (s)Td(s)

And in the case of Td(s) =
1
s

ed(∞) = lim
s→∞

Y (s) =
(10)(2)(3)

(10)(2)(3) + 14K
=

60

60 + 14K

Compute the sensitivity ST
K

We will need to use the chain rule, we have that

ST
K =

∂T

∂K

K

T
=

∂T

∂G

∂G

∂K

K

T

We evaluate keeping it symbolic

ST
K =

1

1 +G(s)H(s)
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4 Lecture 4 - Performance of feedback control systems

Pensum: Chapter 5

Content

• Standard test input signals

• Performance of second-order systems

• Performance specification definition

• Effect of a third pole

• Effect of a zero

• Specification selections

• Transient response and steady-state error estimation

• Simplification of higher order systems

4.1 Standard test input signals

Before covering the test input signals, some basic concepts need to be introduced

• Transient response: The response that disappears with time

• Steady-state response: The response that exists fr a long time following an input signal initiation. Here the
response no longer changes

• Design specifications: The measures of performance indicating the quality of the system to the designer

Usually the transient response is of prime interest. Initially it is of interest whether the system is stable. If it is, the
response to different input signals will provide several measures of performance. The problem arises, since we dont
always know the actual input signal, and for that reason, a standrard test input signal is chosen. The commonly
used input signals are listed below

Table 2: Test Signal Inputs

Test Signal r(t) R(s)

Step
r(t) = A, t > 0
r(t) = 0, t < 0

A

s

Ramp
r(t) = A t, t > 0
r(t) = 0, t < 0

A

s2

Parabolic
r(t) = A t2, t > 0
r(t) = 0, t < 0

2A

s3

The ramp input is the integral of the step input. The parabolic is the integral of the ramp input.

Figure 18: Step Input (a), Ramp input (b) and parabolic input (c)
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Another important test input is the unit impulse function, defined as

δε(t) =


1

ε
, −ε

2
≤ t ≤ ε

2
,

0, otherwise,

δ(t) = lim
ε→0

δε(t),

∫ ∞

−∞
δ(t) dt = 1,

∫ ∞

−∞
f(t) δ(t− t0) dt = f(t0).

I think it can be used to determine the dynamics of a system, as its laplace transform is R(s) = 1. So can be
determined to find transfer functions!

The sinusoidal input is also of importance, as it can aid in frequency domain analysis, such a communcation
systems, radar systems etc. The input is

r(t) = A sinωt

With the laplace transform

R(s) =
Aω

s2 + ω2

Generally test inputs are on the form
r(t) = tn

With laplace transform

R(s) =
n!

sn+1

4.2 Performance of second order systems

4.2.1 Introduction to 2nd order systems

A second order system is a LTI system whose input-output behavior is described by a second order differential
equation. An example could be the mass-damper-spring system. We consider the general 2nd-order system with
unity feedback

Figure 19: Second order closed loop system

The transfer function for such a system is

T (s) =
ω2
n

s2 + 2ζωns+ ω2
n

(4.1)

From which we may write

Y (s) =
ω2
n

s2 + 2ζωns+ ω2
n

R(s) (4.2)

In the case of a unit step input we obtain

Y (s) =
ω2
n

s(s2 + 2ζωns+ ω2
n)
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Which has solution

y(t) = 1− 1

β
e−ζωnt sin(ωnβt+ θ)

A figure is shown with the poles of the 2nd order transfer function is shown below

Figure 20: s-plane plot of poles and zeros of 2nd order transfer function (ignore the zero)

The poles of the 2nd order transfer function are given as

s1,2 = −ζωn ± jωn

√
1− ζ2

How the damping ratio affects the location of the poles is shown below

Figure 21: The root locus as ζ varies with constant ωn

A lof to digest, so here is an overview.

• ζ: Damping ratio. 0 < ζ < 1. The higher the damping ratio, the more damped the response is.

• ωn: Natural frequency.

• β =
√

1− ζ2

• θ = cos−1 ζ

The damping ratio has a large influence on how osculatory the system is. For a step input, it also has a direct
influence on the percent overshoot as well as other parameters. It playes a large role in the transient response.
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Figure 22: Transient response of a second-order system for a step input.

4.2.2 Performance indices of a second order system

In the figure we see the general shape of a unit step response of a second order system, along with performance
measures graphed. The performance measurements will be quantified as we go.

Figure 23: Step response of a second-order system.

The transient response of the system may be described in terms of two factors:

1. The swiftness of response, as represented by the rise time and peak time

2. The closeness of the response to the desired response, as represented by the overshoot and settling time

Often these requirements contradict eachother, so it is the job of the engineer to tune in such a way that the
performance is satisfactory. A list of the specifications are

• MPt: Peak value of time response

• fv: Final value of response. Usually the same as reference input
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• Ts: Settling time. Defined as the time required to go within a certain percentage of the input amplitude.
We operate within the 2% criterion.

• P.O: Percent overshoot. How much the response overshoots the desired value

• Tp. Peak time. Time when the response is at its highest

• Tr1: Rise time. The time it takes the response to go from 10% to 90% of desired value.

Peak time and peak value for a 2nd order system

The peak time relationship for the second order system is

Tp =
π

ωn

√
1− ζ2

(4.3)

The peak response is

Mpt = 1 + e−ζπ/
√

1−ζ2
(4.4)

Percent overshoot for a 2nd order system

The percent overshoot in terms of fig 23 is

P.O =
Mpt − fv

fv
× 100%

Generally we use the equation

P.O = 100e−ζπ/
√

1−ζ2
(4.5)

Another tactic is to use figure 5.7 from the book. Xuping says its completely fine to just reference this at the exam

Figure 24: Percent overshoot and normalized peak time versus damping ratio for a secondorder system

Settling time for a 2nd order system As mentioned the settling time we use, is generally the one for within
2% of the final value. This is calculated as

Ts = 4τ =
4

ζωn
(4.6)

The rise time of a second order system The 10% to 90% rise time is approximated for 0 < ζ < 0.8 as

Tr1 =
2.16ζ + 0.6

ωn
(4.7)
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Alternatively out of this range, we can use figure 5.8 from the book.

Figure 25: Normalized rise time vs damping ratio for 2nd order system

Criterion Influencing Parameter(s) Formula

Peak time, Tp Natural frequency ωn, damping ratio ζ Tp =
π

ωn

√
1− ζ2

Percent overshoot, P.O. Damping ratio ζ P.O. = 100 e
− ζπ√

1−ζ2 %

Settling time (2%), Ts Natural frequency ωn, damping ratio ζ Ts =
4

ζ ωn

Rise time (10–90%), Tr Natural frequency ωn, damping ratio ζ Tr ≈ 2.16 ζ + 0.6

ωn
(0.3 < ζ < 0.8)

Table 3: Which system parameter(s) influence each second-order performance criterion, and their governing formu-
las.
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Example: The swiftness of a system

We look at the rise time from Eq 4.7. For a given ζ the response is faster for a higher ωn.

Figure 26: Step response for different ωn with a given ζ = 0.2

On the other hand, for a given ωn, the response is faster for a lower ζ - but typically a to low damping ratio
is limited by the acceptable overshoot

Figure 27: Step response for different ζ with a given ωn = 5
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4.3 Effect of a third pole

What we have discussed so far only holds for 2nd order systems, however higher order systems may sometimes be
approximated by second order systems, and we may utilize all our knowledge. We consider a third order system

T (s) =
1

(s2 + 2ζωns+ 1)(γs+ 1)

This system now has 3 poles.

Figure 28: An s-plane diagram of a third-order system

If the pole 1
γ is suffeciently far away from the other poles. the two complex poles are said to be dominating, and

we may approximate the system by these poles. It needs to hold that∣∣∣∣ 1γ
∣∣∣∣ ≥ |10ζωn|

This means that the third pole has to be ten times further left than the dominating pair.

4.4 Effect of a zero

The theory we’ve discussed so far only holds if the 2nd order transfer functions do not have any zeros. If the
transferfunction has a zero, and its relativly close to the dominant poles, then it will affect the transient response.
Consider the situation

T (s) =
(ω2

n/a)(s+ a)

s2 + 2ζωn + ω2
n

(4.8)

The following effect happens from the zero. The closer it is to the dominant poles, the more it

• Increases overshoot

• Decreases rise time

• Increases settling time
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Example: Reducing 3rd order system to second order

T (s) =
K

s(s+ 2)(s+ 30)

It is obvious that the poles are: s=0,-2,-30, so it would be okay to approximate it as a 2nd order system,
by removing the s=-30 pole. We rewrite it, but also divide 30. The division by 30 is to ensure that the
steady-state response is the same (DC-gain is the same)

T (s) =
K/30

s(s+ 2)

Example: Parameter selection

We consider the unity feedback system shown above. How do we select p and K such that the response to a
step retains an overshoot of less than 5% and the settling time should be less then 4 seconds?

If we compare the system direcly with figure 19, it is apparent that K = ω2
n and p = 2ζωn. Looking at fig

24 (and with some knowledge), we see that a damping ratio of ζ = 0.707 =
√
2 yields a percent overshoot of

P.O = 4.3%. Now for the settlign time:

Ts =
4

ωnζ
< 4

⇕

ωnζ > 1

Now we already choose ζ = 0.707, thus

ωn >
1

ζ
=

√
2

We then choose ωn =
√
2 and get

K = ω2
n = 2

p = 2ζωn = 2
1√
2

√
2 = 2

4.5 s-Plane root location and the transient response

The transient response of a closed loop feedback system can be described in terms of the location of the poles of
the transfer function.

Pole Location Transient Response
Far left on real axis Fast, non-oscillatory decay
Near origin on real axis Slow, non-oscillatory decay
Complex, large ζ Slightly oscillatory, fast decay
Complex, small ζ Highly oscillatory, slow decay
Right half-plane Unstable (growing) response

Table 4: Relationship between Pole Location and Transient Response
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Figure 29: Impulse response for various root locations

4.6 Steady state error of feedback control systems

The steady state is highly dependent on the number of integrations in Gc(s)G(s). So much so, that there have been
made a table on how to calculate steady state errors.

Figure 30: Summary of Steady-State Errors for unity feedback

The different error constants are defined as such.

The position error constant

Kp = lim
s→0

Gc(s)G(s) (4.9)

The velocity error constant

Kv = lim
s→0

sGc(s)G(s) (4.10)

And the acceleration error constant

Ka = lim
s→0

s2Gc(s)G(s) (4.11)

For any system with 3 integrations or more, then the steady-state error is 0 to all of the above error inputs.
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In-Class Exercise: E5.19

A second order system has the closed-loop transfer function

T (s) =
7

s2 + 3.175s+ 7

• Determine the percent overshoot, the time to peak Tp, and the settlign time Ts of the unit step response

• Obtain the system response to a unit step and verify the results

Comparing directly with eq 4.2 its apparent that ω2
n = 7 and 2ωnζ = 3.175. We thus have

ωn =
√
7, ζ =

3.175

2
√
7

= 0.6

The P.O is then

P.O = 100e
−πζ√
1−ζ2 ≈ 9.5%

The time to peak is

Tp =
π

ωn

√
1− ζ2

≈ 1.484

The settling time is

Ts =
4

ζωn
= 2.52

Now to obtain the system response to a unit step, the solution is on the shape

y(t) = 1− 1

β
e−ζωnt sin(ωnβt+ θ)

We have
β =

√
1− ζ2 = 0.8

θ = cos−1 ζ = 0.927

Thus we have the solution on the shape

y(t) = 1− 1

0.8
e−0.6

√
7t sin(0.8

√
7t+ 0.927)

A plot of this

Figure 31: Step response of system

Looks about right.
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5 Lecture 5 - Stability of linear Feedback systems

Pensum: Chapter 6

Contents

• Stability Definition

• Stability analysis with s-plane approach

• Routh Hurwitz stability criterion

• Relative stability of feedback control systems

5.1 The concept of stability

Stability is of the upmost importance. Many physical systems are inherently open-loop unstable, but then active
control is introduces to stabilize the system. One most work with caution however, as a poor controller design may
cause a stable system to become unstable.

A stable system is a dynamic system with a bounded response to a bounded input.

We may say that a closed-loop system is stable or unstable, but we may also refer to the degree of stability. A
system that is absolutely stable is a system of absolute stability, this is called a stable system. We can characterize
the degree of stability, this is called the relative stability. Two things can both be stable, but one may be more
stable than the other. An example is aircrafts: The more stable it is, the harder it is to maneuver. Therefore
passenger airplanes are a lot more stable than acrobatic airplanes. We may illusrate stability with the use of a cone

Figure 32: Illustration of stability

5.2 Stability analysis in the s-plane

A requirement for stability is, that the response of a system to a unit impulse has a finite integral. Recall the
general transfer function for a control system

T (s) =
p(s)

q(s)

If we take the s-plane approach, we may state that if all poles of the system transfer function have negative
real parts then the system is stable. Only 1 pole has to be on the right-hand side of the s-plane (so a pole having
a positive real part) for the system becomes unstable. This is pretty apparent from Fig 29. If any poles are on the
imaginary axis (meaning the real part is 0), then this system is marginally stable.

5.3 Routh-Hurwitz Stability criterion

It’s not always straight forward to determined the solutions to the characteristic equation q(s) = 0 by hand. So the
s-plane approach isn’t always straight forward to do by hand. For this reason, we have the Routh-Hurtiwz criterion.
What one does is to construct a Routh-Array and then evaluate the first column of the array. If there isnt any sign
change in this first coloumn, then the system is stable. For every change in sign, this means that there is a root
with a positive real part. But how do we set up the array? Consider a characteristic polynomial of a closed loop
system

q(s) = ans
n + an−1s

n−1 + · · ·+ a1s+ a0, an > 0
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We put it into an array of the following shape

sn an an−2 an−4 · · ·

sn−1 an−1 an−3 an−5 · · ·

sn−2 bn−1 bn−3 bn−5 · · ·

sn−3 cn−1 cn−3 cn−5 · · ·
...

...
...

...
. . .

s0 hn−1

Now the trick here is to calculate the coefficients. Essentially a coefficient is calculated as the negative of the
determinant of four entires above, divided by the the entry just above. I think this is worded weird, but some
examples are

bn−1 =
an−1an−2 − an an−3

an−1
= − 1

an−1

∣∣∣∣∣ an an−2

an−1 an−3

∣∣∣∣∣ ,
bn−3 = − 1

an−1

∣∣∣∣∣ an an−4

an−1 an−5

∣∣∣∣∣ , . . . ,

cn−1 = − 1

bn−1

∣∣∣∣∣an−1 an−3

bn−1 bn−3

∣∣∣∣∣ , . . .

There are in general 4 cases of the routh hurtwitz criterion.
Case 1: No element in the first column is zero.

• Stable as long as all coefficients are positive (or all negative)

Case 2: There is a zero in the first column, but some other elements of the row containing the zero in the first
column are nonzero.

• Unstable

Case 3: There is a zero in the first column, and the row with the zero has only zeros.

• Stable

• Auxiliary polynomial: The coefficients in the row above the zeros row, make a polynoial. Replace the zero
row with the coefficients of the derivative of the uaxiliary polynomial and continue constructing the Routh
array.

Case 4: Repeated roots of the characteristic equation on the jω-axis.

• If the ωj-axis roots of the characteristic equation are simple, the system is neither stablenor unstable; it is
instead called marginally stable

The douglas method

Now douglas does it a bit differently. He has a very nice trick, i recommend watching https://www.youtube.com/
watch?v=WBCZBOB3LCA&t.
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Example: Routh Hurwitz

We examine a transfer-function with characteristic polynomial

q(s) = s3 + s2 + 2s+ 24

We set up the Routh-array
s3 1 2 0
s2 1 24 0
s1 a1 0 0
s0 b1 0 0

where

a1 =
1 · 2− 1 · 24

1
= −22

And

b1 =
a1 · 24− 1 · 0

a1
= 24

We thus have two sign changes in the first coloumn. one between 1 and −22, and another between −22 and
24. This means two poles must lie on the right hand side of the s-plane, and the system is unstable.
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In Class Exercice: AP6.6

Consider the control-system for a spacecraft camera

Figure 33: Feedback control system

We wish to find Kp and KD such that system is stable. We then need to plot the relationship between both.
It is also given that Kp > 0 and KD > 0. The closed-loop transfer function is computed

Y (s)

R(s)
=

(Kp+KDs)
(s+1)(s+2)(s+3)

1 +
(Kp+KDs)

(s+4)(s+2)(s+4)

=
Kp +KDs

(s+ 1)(s+ 2)(s+ 4) +Kp +KDs
=

Kp +KDs

s3 + 7s2 + 14s+ 8 +Kp +KDs

Thus the characteristic polynomial is

q(s) = s3 + 7s2 + (14 +KD)s+ (8 +Kp)

The routh array is setup
s3 1 14 +KD

s2 7 8 +Kp

s1 a1 0
s0 b1 0

With

a1 =
7(14 +KD)− (8 +KP )

7
=

90

7
+KD − KP

7

And

b1 =
a1(8 +Kp)− 7 · 0

a1
= 8 +Kp

For stability we require a1 > 0, b1 > 0. From the latter we get

Kp > −8

And from a1 > 0 we get the relationship which may be plotted

KD >
Kp − 90

7

Figure 34: Relationship between KD and Kp. Shaded area is stable region
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6 Lecture 6 - Root Locus Part 1

Pensum: Chapter 7
5 pt Contents

• Root locus concepts

• Root locus procedure

• Parameter design by the root locus method

There is more content on his overview, but i dont think its covered by this.

6.1 The Root Locus concept

The root locus predicts closed-loop behavior based on the open-loop/loop response. The root locus method is
a graphical method used to investigate how the roots of the characteristic equations move when a parameter of
the system changes. It is the path of the roots of the characteristic equation traced out in the s-plane as a system
parameter varies from zero to infinity. The dynamic performance of a closed-loop contraol system is described by
the closed loop transfer function

T (s) =
Y (s)

R(s)
=

p(s)

q(s)
.

Figure 35: Closed-loop control system with variable parameter K

In the case of a a general closed-loop transfer function with a variable parameter K and unity feedback, we have
the characteristic equation

1 +KG(s) = 0

Since s is a complex variable, we may rewrite this equation into polar form as

|KG(s)|/̸ KG(s) = −1 + j0

From this we get that
|KG(s)| = 1

Which is the magnitude criterion. We also get

̸ KG(s) = 180◦ + k360◦

Where k = 0,±1,±2,±3, . . . . This is the phase criterion. If any point satisfies both the magnitude and phase
criterion, then they are on the root locus. Both of these are used to draw the root locus. The root locus is of great
importance as we can directly read off things as stability, aswell as be able to change our parameter K to meet
desired system requirements.
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Example: Root locus of second order system

To help better understand we take a simple example. Consider the unity feedback control-system in the
figure below

Figure 36: Unity feedback control system. The gain K is a variable parameter

The characteristic equation of the system is then

q(s) = 1 +K
1

s(s+ 2)
= 0

Or alternatively
q(s) = s2 + 2s+K = s2 + 2ωnζ + ω2

n = 0

If ten find the roots as
s1,2 = −ζωn ± ωn

√
ζ2 − 1

If we compare then

s1,2 = −1±
√
K
√
ζ2 − 1

From this its apparent that by changing K we only move the complex part of the root - the real part will
always be located at −1. So the root locus looks like

Figure 37: Root locus for system

This example doesnt capture the real construction and concept of a root locus (it is correct, but its not the
rigourous approach to doing it). This will be covered later
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6.2 The root locus procedure

For the general case, the characteristic equation can be expressed as

q(s) = 1 + F (s) = 0

Where

F (s) = KP (s) = K

M∏
i=1

(s+ zi)

n∏
j=1

(s+ pj)

6.2.1 The root locus, step-by-step

Step 1: Prepare the root locus sketch

Prepare the root locus by writing the characteristic equation as 1 + a polynomial composed of its poles and zeros

KP (s) = K

M∏
i=1

(s+ zi)

n∏
j=1

(s+ pj)

Locate the poles −pj and zeros −zi on the s-plane. Zeros are drawn with a circle, and poles with a cross. the
locus of the roots of the characteristic equation 1+KP (s) = 0 begins at the poles of P (s) and ends
at the zeros of P (s). a step by step may be written like so

1. Write the characteristic equation so that parameter of interest, K, appears a multiplier

2. Factor P (s) in terms of n poles and M zeros

3. Locate the open-loop poles and zeros of P (s) in the s-plane with the appropriate symbols

4. Determine the number of branches (or seperate loci, SL). SL = n when n ≥ M .

5. The root locus is symmetrical about the real axis.

Step 2: Locate the segments on the real axis that are root loci

The root locus on the real axis always lies in a section of the real axis to the left of an odd number of poles and
zeros.

Step 3: The loci proceed to the zeros at infinity along asymptotes centered at σA with angles ϕA. As
mentioned, the locus moves from the poles of P (s) to the zeros of P (s). If there are more poles than zeros, then
the poles without a ”partner” proceed to infinity. How these move to infinity is determined by asymptotes. The
linear asymptotes are cenetered at a point on the real axis given by

σA =

∑
poles of P (s)−

∑
zeros of P (s)

n−M
(6.1)

And the angles of the asymptotes with respect to the real axis are given as

ϕA =
2k + 1

n−M
180◦ k = 0, 1, 2 . . . (n−M − 1) (6.2)

An important note: The sign of these poles is where it actually is on the s-plane. So say to have a pole located at
−2, then you write −2, and NOT 2.
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Step 4: Determine where the locus crosses the imaginary axis (it it does)

This is done using the Routh-Hurwitz criterion on the entire characateristic equation. One sets up the Routh array
and imposes the marginal stability condition. When the root locus just touches the imaginary axis, then that means
a zero is in the first coloumn of the routh array (of course with no sign changes above it). Solve the equations that
involve K in the first coloumn, and see which one hits 0 first as K increases. The value of K that causes a 0, is the
critical value. Now to find out for what frequency (so where this is on the imaginary line) one uses the auxiliary
equation. The auxilary equation, is the equation formed by the row just above the one where we get the 0 (when
K is increased ofc). These are constructed in a bit of a weird manner, but they ”jump” over one power. See the
examples later on.

Step 5: Determine the breakaway point on the real axis (if any) The breakpoints are the points where the
root locus leaves the real axis. This usually happens when two roots loci hit eachother. To find them, first rewrite
the characteristic equation as

K = p(s) =
−1

P (s)

And then solve
dK

ds
= 0

It may also be done graphically.

Step 6: Determine the angle of depature of the locus from a pole, and the angle of arrival at zero I
must admit, that usually i dont calculate the angles of arrival, as they are usually pretty apparent. The angle of
depature from a pole is calculated as

M∑
i=1

̸ (s+ zi)−
n∑

j=1

(s+ pj) = 180◦ + k360◦

With k = 0,±1,±2, . . . What you do is, you set the angle of the pole you wish to know how departs equal to
some θdepature when using the formula. Then for all the other entries in the summations, you calculate the angles
between the lines that go from the different poles and zeros to the pole of interest, and the positive real axis. The
calculation is repeated for all the poles you want to know how depart.

Pretty sure its the same formula for angle of arrival, but the ofc you isolate for some zero.

Step 7: Complete the root locus Sketch the root locus based on your knowledge.

If you wish to know that the gain is at a certain location of the locus, the use the magnitude criterion as

Kx =

∣∣∣∣∣
∏n

j=1(s+ pj)∏M
i=1(s+ zi)

∣∣∣∣∣
s=sx

Now this is usually where Xuping comes in and uses lines. Because essentially (sx+pk) is just the distance between
the pole and the root. Its pretty smart the way he does this.

If you wanted to find the root location instead, then use the phase criterion

̸ P (s) = 180◦ + k360◦
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6.3 Root Locus examples:

Example: Calculating asymptotes

A unity feedback controlsystem has a characteristic equation as follows:

1 +Gc(s)G(s) = 1 +K
(s+ 1)

s(s+ 2)(s+ 4)2

We have n = 4 poles, and M = 1 zero, thus n−M = 3 branches are going to go off to infinity. The centroid
of the asymptotes is calculated using 6.1

σA =
−0− 2− 4− 4− (−1)

3
= −3

The angles of the asymptotes are calculated using 6.2.

ϕ1 =
2(0) + 1

3
180◦ = 60◦

ϕ2 =
2(1) + 1

3
180◦ = 180◦

ϕ1 =
2(2) + 1

3
180◦ = 300◦

The root locus would then (remember that the root locus is located to the left of an odd number of poles
and zeros) look like:
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Example: Where does it cross the imaginary axis?

Consider a system with the characteristic equation

q(s) = 1 +K
1

s3 + 2s2 + 4s
= 0

We wish to find out where on the locus this crossed the imaginary axis (following step 5 in the guide). We
rewrite the equation as

q(s) = s3 + 2s2 + 4s+K = 0

We set up the routh array
s3 1 4
s2 2 K
s1 8−K

2 0
s0 K 0

We impose marginal stability. When K moves from 0 to infinity, then marginal stability is found in the s1

row when K = 8. The auxiliary equation then comes from the row just above, which would be the s2 row.
The auxiliary equation is

U(s) = 2s2 +K

Inserting the critical value of K
U(s) = 2s2 + 8 = 2(s− 2j)(s+ 2j)

Which has roots s1,2 = ±2j Which means this is where the locus crosses the imaginary axis. A plot of the
root locus confirms this.

This is what i was talking about when i mean that we kind of ”jump” one over when doing the auxiliary
equation. We go from s2 to s0. Had it been in the s3 row, we would have jumped to s1
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Example: Calculating breakaway points

Given the characteristic equation

1 +KG(s) = 1 +K
1

(s+ 2)(s+ 4)
= 0

We wish to use Eq. 6.2.1 to find where the root locus leaves the real axis. Rewriting the characteristic
equations as

K = −(s+ 2)(s+ 4) = −(s2 + 6s+ 8)

Then
dK

ds
= 2s+ 6 = 0

Which results in a single breakaway point at s = −3. A plot of the root locus confirms this.

Example: Using the magnitude criterion

Fyld ud p̊a et eller andet tidspunkt
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Example: Drawing The Root Locus from scratch

We consider the characteristic equation of a fourth-order system

1 +K
1

s4 + 12s3 + 64s2 + 128s
= 0

Step 1: Prepare the root locus
Rewriting the characteristic equation in tems of its poles and zeros

1 +K
1

s(s+ 4)(s+ 4 + 4j)(s+ 4− 4j)

We have n = 4 poles, M = 0 zeros. We therefore have 4 branches with n−M = 4 going off to infinity.
Step 2: Locate the segments on the real axis that are root loci The poles along with the parts of
the locus on the real axis is drawn on the figure below

Figure 38: Root locus on the real axis between 0 and -4.

Step 3: Asymptotes
The center of the asymptotes is given as

σA =
0− 4− 4− 4

4
= −3

The angles are

ϕA =
(2k + 1)

4
180◦, k = 0, 1, 2, 3

Yielding
ϕA = 45, 135, 225, 315

These asymptotes are drawn in the s-plane
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Example: Drawing The Root Locus from scratch (continued)

Figure 39: Asymptotes are the grey dashed lines with their center at -3 on the real axis.

Step 4: Determine where the root locus crosses the imaginary axis
The characteristic equation is rewritten as

s4 + 12s3 + 64s2 + 128s+K = 0

The routh array is setup
s4 1 64 K
s3 12 128 0
s2 53.33 K 0
s1 c1 0 0
s0 K 0 0

Where c1 = 6286.24−12K
53.33 . We impose marginal stability, and say that for c1 = 0 it must be that

6286.24− 12K = 0

Which yields a critical value of K = 568.89. Going up 1 row and using the auxiliary equation to find where
we cross

U(s) = 53.33s2 +K = 53.33s2 + 568.89 = 53.33(s+ 3.266j)(s− 3.266j)

Thus the loci crosses the imaginary axis at s = ±3.266j.
Step 5: Determine breakaway points Rewriting the characteristic equation into

K = −(s4 + 12s3 + 64s2 + 128s)

Then finding the breakaway points by

dK

ds
= −(4s3 + 36s2 + 128s+ 128) = 0

Yields a breakway point at s = −1.577. (the only real solution to the equation)
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Example: Drawing The Root Locus from scratch (continued)

Step 6: Determine the angles of depature I will show graphs and calculations for the pole p3. The
other calculations are the same.

Figure 40: Angles visualised for pole p3

We use
M∑
i=1

̸ (s+ zi)−
n∑

j=1

̸ (s+ pj) = 180◦ + k360◦

In our case we would have
0− (θ1 + θ2 + θ3 + θ4) = 180◦ + k360◦

Our target variable is θ3. The angles are
θ2 = θ4 = 90◦

θ1 = 180◦ − tan−1 4

4
= 180◦ − 45◦ = 135◦

We thus get
−θ3 − 135◦ − 90◦ − 90◦ = −θ3 − 315◦ = 180◦ + k360◦

Yielding θ3 = 225◦. So this is the angle of depature for that pole. Thus the angle of depature for its conjugate
partner must be 360◦ − 225◦ = 135◦. And intuitively enough, the angle of depature for p2 must be 0◦, and
for p1 it must be −180◦. The final root locus looks like

Figure 41: Final Root Locus
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Root Locus skal øves mere
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7 Lecture 6 - Root Locus Part 2

Pensum: Chapter 7
5 pt Contents

• PID controllers

• PID manual tuning

• Ziegler-Nichols tuning

7.1 PID Controllers

One type of controller widely used in industry is the PID-controller. This controller is of transfer function

Gc(s) = Kp +
KI

s
+KDs (7.1)

In reality the transferfunction of the derrivative term is actually Gd(s) =
KDs
τds+1 , but τd is usually so small we neglect

it. In the time domain this is

u(t) = Kpe(t) +KI

∫
e(t)dt+KD

de(t)

dt
.

A PID controller introduces a transfer function with a pole at origin, and two zeros what can be located anywhere
in the s-plane. This is easier to see when one writes the PID controller as

Gc(s) = KP +
KI

s
+KDs =

KP s+KI +KDs2

s
=

KD(s2 + KP

KD
s+ KI

KD
)

s

Now the reason why a PID controller is so good, is that it has good performance in a wide range of operating
conditions. Along with this it is very simple, so it’s straightforward for engineers to work with.

7.1.1 What does the PID controller do? What is the purpose of each terms?

The proportional part
The proportional part of the controller

Gp(s) = KP

Scales the error signal coming in by a proportional amount. It responds to the current error and produces an output
directly proportional to that

The integral part
The integral part of the controller

Gi(s) =
KI

s
Takes the integral of the error signal and multiplies it by some constant KI . By integrating the signal, this responds
to the accumulation of past errors and produces an output based on that. Its purpose is to make sure that small
steady state errors vanish.

The derivative part
the derivative part of the controller

Gd(s) = KDs

Looks at the rate of change of error. So if the error is changing very rapidly, then the output from this part will
be large. It tries to ”predict” the future, and helps stop too much overshoot. We don’t always need all 3 terms,
maybe our system already has an integrator, so we may omit the integral part. Below is a table of what increasing
each term means.

Table 5: Effect of Increasing the PID Gains Kp, KI , and KD on the Step Response

PID Gain Percent Overshoot Settling Time Steady-State Error

Increasing Kp Increases Minimal impact Decreases
Increasing KI Increases Increases Zero steady-state error
Increasing KD Decreases Decreases No impact
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7.2 PID Tuning

Will cover two main methods. One of which has two kinds

• Manual PID Tuning

• Ziegler-Nichols PID tuning

– Closed-loop Ziegler-Nichols Tuning

– Open-loop Ziegler-Nichols Tuning

7.2.1 Manual PID tuning

Manual PID tuning is a very simple method. Here PID control gaisn are obtained by a trail-and-error with minimal
analytic analysis using step responses obtained via simulation. On approach of manual tuning is to first set

KI = KD = 0

Then increase KP until reaching marginal stability. So that the output of the closed loop system oscillates just
on the edge of stability. Once here, reduce the value of KP until the maximum value of one osculatory period is
reduced approximately to one-forth during one oscillation. So if you had an initial peak of 1.8, then the quarter
amplitude decay would be achieved when the next peak is at 1.2. A good rule of thumb is to start by halfing KP

from the value that makes the system marginally stable, and then iterate from there. Next step is to increase KI

and KD manually to achieve the desired response - might be by looking at the root locus. An example will cover
this now.

Example: Manually tuning a PID controller

We consider the control system

Figure 42: Unity feedback control system with PID controller

In which ωn = 4, ζ = 0.707, b = 10. We do the first step, set KD = KI = 0 and increase KP until we’re on
the edge of stability. In this case that would be at KP = 885.5. The now looks like

Figure 43: Step response with only KD = 885.5

We now wish to decrease KP to when we reach quarter amplitude decay. We use the rule of thumb and try
KD = 885.5/2
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Example: Manually tuning a PID controller (continued)

Figure 44: Step response with only KD = 885.5/2

We see we’re not quite there yet. After some iterations, we find that KP = 370 produces a quarter amplitude
decay.

Figure 45: Step response with only KP = 370

Now that KP has been found satisfactory, we will draw the root locus of KD. The characteristic equation
now becomes

q(s) = 1 + (KP +KDs)
1

s(s+ b)(s+ 2ζωn)
= 0

⇕

q(s) = 1 +KD

(
s

s(s+ b)(s+ 2ζωn) +KP

)

Figure 46: Root locus for KD with KP = 370
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Example: Manually tuning a PID controller (continued)

We see as KD increases the complex roots move to infinity, and the real root moves towards the imaginary
axis. At around KD = 75, the real root starts to dominate. As we moce along the straight part of the root
locus for the complex poles, the angle of the damping ratio gets lower. Thus increasing KD must increase
the damping ratio, and therfore lower the percent overshoot. If we again try to draw a root locus, but for
KI with KD = 0. The characteristic equation becomes

q(s) = 1 + (KP +
KI

s
)

1

s(s+ b)(s+ 2ζωn)

⇕

q(s) = 1 +KI

(
1

s(s(s+ b)(s+ 2ζωn) +KP )

)

Figure 47: Root Locus for KI with KD = 0,KP = 370

We see that for a gain of around KI = 729, the system becomes marginally stable - so we shouldn’t increase
the gain too much. Also the dominating complex poles move right, which increases the percent overshoot, as
well as decreases the settling time since ωnζ is moved further right. These are all consistent with the trends
shown in table 5. So for our controller we should chose a KD close to 75, but also a KI thats not too high.
A good compromise is the controller

Gc(s) = 370 + 60s+
100

s

Which produces P.O = 12.8% and Ts = 2.4s

7.2.2 Ziegler Nichols tuning

This is intended to find a step response with few oscillations and good disturbance rejection.

Approach 1: Closed-loop method

First let KD = KI = 0. Increase KP until the closed-loop system reached the boundary of instability. Denote the
gain here as KU (the ultimate gain), and the period of the oscilations here as TU (ultimate period. Once KU and
TU are found, compute the PID constants from the table below.
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Controller Type KP KI KD

Proportional (P) 0.5KU – –
Gc(s) = KP

Proportional-plus-integral (PI) 0.45KU
0.54KU

TU
–

Gc(s) = KP +
KI

s

Proportional-plus-integral-plus-derivative (PID) 0.6KU
1.2KU

TU

0.6KUTU

8

Gc(s) = KP +
KI

s
+KDs

Table 6: Ziegler–Nichols PID Controller Gain Tuning Using Closed-Loop Concepts

The book suggests using Ziegler-Nichols to begin with, and then iterating to get the desired results.

Example: Ziegler-Nichols closed-loop tuning

If we return to the previous example, we found that KU = 888.5 and TU = 0.83s. Using the formulas from
6 we calculate the PID controller parameters as

KP = 0.6KU = 531.3, KI =
1.2KU

TU
= 1280.2, and KD =

0.6KUTU

8
= 55.1

We get an almost unaltered settling time of Ts = 2.4s but the percent overshoot skyrockets to P.O = 60%.
This is due to the fact, that this methods aim is to provide good disturbance rejection. The reactions to
disturbances of the two systems are shown below

Figure 48: Manually tuned vs Ziegler-Nichols tuned PID disturbance rejection

Now there is another method involving open-loop methods, but Xuping does not cover this in his slides.
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8 Lecture 8 - Frequency Response Methods

Pensum: CH 8 & 9
Contents

• Polar Plot

• Bode Plot

• Frequency Response measurements

• Performance specifications

• Relative stability in the frequency domain

• System bandwidth

• The stability of control systems with time delays

• PID controllers in the frequency domain

8.1 Introcution

A very practical and important approach to the analysis and design of a system is the frequency response method.
The frequency response is defined as followed:

The frequency response of a system is defined as the steady-state response of the system
to a sinusoidal input. The sinusoid is a unique input signal, and the resulting output signal
under the LTI-assumptions is also a sinusoidal. The output sinusoidal can only differ in
amplitude and phase.

There are some advantages and disadvantageous of the frequency response.
Advantages of Frequency response methods

• Frequency response Y (jω) can be obtained directly from experiments, and be used to determine the frequency
response transfer function T (jω)

• The frequency response transfer function can be easily found by simply replacing s with jω in T (s)

• The magnitude and phase angle of T (jω) are readily represented by graphical plots

The main disadvantage is that there is not a simple link between frequency domain and time domain, as this
requires the inverse Fourier transform, which can be mathematically complex.

8.2 Frequency response plots

We will use the Bode plot, but others are covered in book and lectures.

8.2.1 Polar plot

We may describe a transfer function T (s) ins the frequency domain as

T (jω) = T (s)|s=jω = R(ω) + jX(ω)

Where R(ω) = Re[T (jω)] and X(ω) = Im[T (jω)]. Essentially what is being one is, the transferfunction is broken
into its real and imaginary part, so it may be plotted in the imaginary plane. As we know from imaginary numbers,
we may also express this on polar form as

T (jω) = |T (jω)|ejϕ(ω) = |T (jω)|̸ ϕ(ω)

Where

ϕ(ω) = arctan
X(ω)

R(ω)
and |T (jω)|2 = |R(ω)|2 + |X(ω)|2
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Essentially ϕ(ω) is the angle between the point and the positive real axis (actualle the phase angle), and |T (jω)| is
the magnitude of the vector from the origin to the point.
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Example: Polar plot

We consider a simple RC-circuit With transfer function

T (s) =
V2(s)

V1(s)
=

1

RCs+ 1

Now to get the frequency response function we evaluate at s = jω

T (jω) =
1

RCjω + 1

We want to break it up into its imaginary and real parts, we multiply by the complex conjugate on top and
bottom

T (jω) =
1−RCjω

(1 +RCjω)(1−RCjω)
=

1−RCjω

12 − (RCjω)2
=

1−RCjω

1 + (RCω)2
=

1

1 + (RCω)2
− j

RCω

1 + (RCω)2

Defining ω1 = 1
RC we get

T (jω) =
1

1 + (ω/ω1)2
− j

ω/ω1

1 + (ω/ω1)2
(8.1)

We may then define

|T (jω)|2 =
1

(1 + (ω/ω1)2)2
+

(ω/ω1)
2

(1 + (ω/ω1)2)2
=

1 + (ω/ω1)
2

(1 + (ω/ω1)2)2
=

1

1 + (ω/ω1)2

Such that the magnitude is

|T (jω)| = 1√
1 + (ω/ω1)2

And the phase angle may be calculated as

ϕ(ω) = tan−1(
− ω/ω1

1+(ω/ω1)2

1
1+(ω/ω1)2

) = tan−1 − ω

ω1

And since tangent is an odd function, then

ϕ(ω) = − tan−1 ω

ω1

If we simply use 8.1 and plot for various ω (with ω1 = 1) we get the polar plot

Figure 49: Polar plot of simple RC-filter
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The polar plot has a few limitations. The addition of poles or zeros to an existing system requires that we recalculate
the entire frequency response. This is tedious, and it doesnt indicate the effect of the individual poles or zeros.
To simplify the determination of the graphical portrayal of the frequency response, we instead use the logarithmic
bode plots.

8.2.2 Bode plots - Introduction

The introduction of the bode plot greatly simplifies the graphical portrayal of the frequency response. Its a plot of
frequency vs gain, and a plot of frequency vs phase angle. First some things have to be clear. We dont directly
plot the gain, but instead plot the logarithmic gain against frequency. The logarithmic gain is given as

Logarithmic gain = 20 log10 |G(jω)| (8.2)

The bode plot is a logarithmic plot. To get a better idea of this, lets continue on with the example of the RC-filter
We found before that the gain of the RC filter as a function of ω is

|T (jω)| = 1√
1 + (ω/ω1)2

The logarithmic gain is then

20 log10 |T (jω)| = 20 log10
1√

1 + (ω/ω1)2
= −20 log10

√
1 + (ω/ω1)2 = −10 log10(1 + (ω/ω1)

2) (8.3)

We plot this, denoting τ = 1
ω1

Figure 50: Bode plot of RC filter

Here 1
τ = ω1 is usually called the break frequency or corner frequency. This is where the system behavior

changes, its a point of transition in Bode plots. Bode plots are used since we may construct them using straight-line
approximations that are asymptotic to the actual plots.

56



8.3 Bode plots - How to

A bode plot is a way to graphically represent the frequency response. It consists of two subplots. A plot of frequency
vs logarithmic gain, and a plot of frequency vs phase angle. The frequency axis is in logarithmic scaling. An interval
of two frequencies with a ratio equal to 10 is called a decade. But how do we construct such bode diagrams by
hand? We use straight line approximations.

Bode plot for the four kinds of transfer functions

1. Constant gain Kb

2. Poles (or zeros) at the origin (jω)

3. Poles (or zeros) on the real axis (jωτ + 1) or 1 + jω/ω1

4. Complex conjugate poles or zeros [1 + j 2ζ
ωn

ω + ( jωωn
)2] or [1 + j2ζu− u2] where u = ω/ωn

Now the may use the logarithmic properties of the bode plot. Multiplication becomes addition, division becomes
subtraction and so on.

The steps of plotting a Bode diagram for any general bode plot

• Write Transfer function on standard form

• Determine the logarithmic magnitude plot and phase angle plot for the abovementioned four factors (or less
if you dont have any)

• Plot the curves for each factor

• Add the curves together graphically, and simplify with asymptotic approximations and the actual curves only
at specific frequencies.

Now we will go through the bode plot for each type of transfer function

8.3.1 Bode plot for constant gain K

The logarithmic gain is
20 log10 K = constant in dB

The phase angle for positive K is
ϕ(ω) = 0

If the gain is a negative value, −K, the phase angle becomes

ϕ(ω) = −180◦

8.3.2 Poles (or zeros) at origin

A pole at the origin has logarithmic magnitude

20 log10

∣∣∣∣ 1

jω

∣∣∣∣ = −20 log10 ω dB

And the phase angle is

ϕ(ω) = −90◦

Thus the slope of the magnitude curve is −20dB/dec for a pole at origin.
A zero at the origin has logarithmic magnitude

20 log10 |jω| = 20 log10 ω dB

And a phase angle of

ϕ(ω) = 90◦

Meaning a zero at origin does the opposite of a pole at origin. A zero at origin has a slope of 20dB/dec.
In both cases if we have multiple (so N poles or zeros at origin, then we multiply the slopes and phase by N . So
forexample, two poles at origin yield a slope of −40dB/dec and a phase angle of −180.)
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8.3.3 Poles (or zeros) on the real axis

The logarithmic gain for a pole on the real axis is

20 log10

∣∣∣∣ 1

1 + jωτ

∣∣∣∣ = −10 log10(1 + ω2τ2)

The asymptotic curve for ω << 1
τ = ω1 is 0 dB. For ω >> 1/τ its −20 logωτ , which essentially means it has a

slope of -20 dB/dec. At ω = ω1 = 1
τ we’re at the corner/break frequency, here the actual gain is -3 dB.

The phase angle for a pole on the real axis is

ϕ(ω) = − tan−1(ωτ).

For a zero on the real axis its the same but with opposite signs. This means it produces a slope of +20 dB/dec
for the logarithmic magntide, and the phase angle is ϕ(ω) = tan−1(ωτ) instead. The curves aswell as the linear
approximations are shown for a pole on the real axis below.

Figure 51: Bode diagram for (1 + jωτ)−1

58



8.3.4 Complex conjugate poles (or zeros)

We write these on the form (pole in this case)

1

1 + j2ζ ω
ωn

+ ( ω
ωn

)2
=

1

1 + j2ζu− u2

Where u = ω/ωn. The logarithmic gain of a pair of complex conjugate poles is (har udledt i OneNote i h̊anden,
hvis du vil se s̊a skriv til mig eller send en brevdue)

20 log10 |T (jω)| = −10 log10[(1− u2)2 + 4ζ2u2]

And the phase angle

ϕ(ω) = tan−1 2ζu

1− u2

This means that for u >> 1 the slope of the gain is 0, and for u >> 1 the slope is -40 dB/dec. (of course the
opposite for the zero) In the case for the pole on the real axis, we knew that at the break frequency, the actual
magnitude was -3 dB. In the case of complex poles, when we have u = ω/ωn = 1 the actual magnitude is a function
of the damping ratio. We may plot this

Figure 52: Bode diagram for complex poles with different damping ratios.

We see with a lower damping ratio, we get a higher resonant peak. Also, the lowe the damping ratio, the steeper
and more sudden the drop in phase angle.
The maximum value of the magnitude (the resonant peak) is given as

Mpω = |T (jωr)| =
1

2ζ
√

1− ζ2

And it occurs at the resonant frequency at

ωr = ωn

√
1− 2ζ2

Both formulas are valid for ζ < 0.707
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8.3.5 Asymptotic approximations of bode plots (Draw them by hand)

Here will list the basics for drawing bode plots by hand. Its a table. And it is very nice! Remember ω1 = 1/τ if
anyone asks. Also remember to get on standard form always!.

Figure 53: How2DrawBodeByHand101-EpicTableEdition

Lav eksemplet fra timen og indsæt det her :) (Det fra hans slides)
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Example: Bode plot

We wish to plot the bode plot for the open loop transfer function

L(s) =
2500(s+ 10)

s(s+ 2)(s2 + 30s+ 2500)

We rewrite it into standard form

L(jω) =
2500(10)( jω10 + 1)

(jω)(2)( jω2 + 1)(2500)( (jω)2

2500 + 30
2500jω + 1)

=
5( jω10 + 1)

(jω)( jω2 +1)( 0.6ω50 + 1− ω2

502 )

We identify the following contributions

• Constant gain K = 5

• Real zero at ω1 = 10.

• Pole at origin

• Real pole at ω = 2

• Complex conjugate poles with ωn = 50

A bode plot is constructed by hand.

Figure 54: Bode of Gain

Figure 55: Bode of phase
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8.4 Nonminimum phase transfer functions

We have up until now only considered cases where all zeros lie in the left half s-plane. The thing is, that zeros may
lie in the right hand plane, and the system is still stable. Transfer functions with zeros in the right-hand s-plane
are called nonminumum phase transfer functions. If the zeros of a transferfunction are all reflected about the
jω axis, the magnitude remains the same, but the phase characteristics will change. The net phase shift is less for
the system with all zeros in the left-hand plane, and more for the one with its zeros in the right hand plane.
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8.5 Performance Specifications

Just as in the time domain, we may define some performance specifications for the frequency domain. Again we
consider the second order system with unity feedback. Recall that this has transferfunction

T (s) =
ω2
n

s2 + 2ζωns+ ω2
n

it is important to note that maximum magnitude of the responce, and bandwidth, are both found
from the closed loop transfer function.

8.5.1 Maximum magnitude of the frequency response

As this is a second order system, the damping ratio of the system is related to the maximum magnitude Mpω which
occurs at frequency ωr. This is shown in the figure below

Figure 56: Magnitude characteristic of a second-order closed loop transfer function

The book states that

At the resonant frequency ωr a maximum value Mpω of the frequency response is attained.

We use the approximations

Mpω = |T (jωr)| =
1

2ζ
√
1− ζ2

, ζ < 0.707

Along with

ωr = ωn

√
1− 2ζ2, ζ < 0.707

8.5.2 System Bandwidth

The system bandwidth, also illustrated in Fig. 56 is a measure of the systems ability to faithfully reproduce and
input signal. It is more formally defined as

The bandwidth is the frequency ωb at which the frequency response has declined 3db from
its low-frequency value. This corresponds to approximately half an octave, or about 1√

2

(approx 70%) of the low frequency value

It can be directly related to the speed of the transient response. The higher bandwidth, the faster the response is
- i.e a lower rise time. We may for the bandwidth and resonsant peak state that:

• Mpω: The higher, the lover damping, thus the more overshoot

• ωb: The higher, the faster the transient response. Thus lower rise time

Now since the reponse of a second order system to a step input is

y(t) = 1 +Be−ωnζ cos(ω1t+ θ)

The greater the magnitude of ωn for a given ζ, the faster the response will decay to the desired reponse. Thus,
desirable frequency domain specifications are as follows:
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• Relatively small resonant magnitude Mpω < 1.5 for example.

• Relatively large bandwidths so that the system time constant τ = 1/(ζωn) is small.

We may relate the bandwidth, natural frequency and damping ratio as

ωb

ωn
= −1.19ζ + 1.85 , 0.3 < ζ < 0.8

One may also use the figure

Figure 57: Normalized bandwidth versus ζ

from which it is pretty apparent, what for a given ζ, the higher the bandwidth, the higher the natural frequency.

The usefulness of all this is not only limited to second order systems. If we have a higher order system dominated
by a pair of complex poles, then all the discussed relationship remain valid.

Example: Bandwidth effect on transient response

We consider two second order systems

T1(s) =
100

s2 + 10s+ 100
and T2(s) =

900

s2 + 30s+ 900

Both have ζ = 0.5. The natural frequencies are ωn1 = 10 and ωn2 = 30. Using the bandwidth approximation

ωB = (−1.19ζ + 1.85)ωn

We get ωB1 ≈ 12.55 and ωB2 ≈ 37.65.

Figure 58: Frequency and time responses of the transfer functions

The settling time and tise time of T2(s) is greater, while the time to peak of T1 is larger. The system with
the larger bandwidth produces the faster response.
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8.6 Relative stability in the frequency domain

As discuessed earlier, one system may be relatively more stable than another. We can also measure this in the
frequency domain. When looking at the bode plot, the points of interest is the location where 0dB is crossed on
the logarithmic gain diagram, and the point where the phase hits −180◦. From these points we define two things.
The gain margin and the phase margin. Lets cover these

The gain margin tells you how much open-loop gain a system can increase before the
system becomes unstable. It is the amount (in dB) by which system gain can be increases
before the phase shift reaches −180 and causes positive feedback

It is measured at the phase crossover. So where the phase hits −180 you go to that frequency on the gain diagram,
and measure the distance between 0 and your gain. If the gain at this point is less than 0 dB, the gain margin is
positive. Thus it is positive down from 0dB line, and negative up from 0 dB line.

The phase margin tells you how much additional phase lag the system can tolerate before
becoming unstable. Its the difference between the actual phase and −180◦ when the open
loop gain is 1 (which is 0 dB).

It is measured positive upwards. So if phase is at -90 at ωc, than P.M = 90◦. A higher phase margin indicates a
more stable system.

Example: Reading off gain margin

We consider the open loop transfer function

L(jω) =
1

jω(jω/5 + 1)(jω + 1)

The bode plot is made

Figure 59: Bode plot for L(jω)

We see that at the crossover frequency where the magnitude crosses 0dB the phase is 137◦. Thus the phase
margin is

ϕP.M = 180◦ − 137◦ = 43◦

As for the gain margin, when the phase hits −180◦, the gain is at −15dB - thus the gain margin is G.M. =
15dB

Another way to read off gain margin and phase margin is on the Log-magnitude-phase Diagrams. Here the phase
is plotted on the horizontal axis, and the logarithmic gain on the vertical axis. If a transfer function is plotted on
such a diagram, then one examines the critical point at (−180, 0). The vertical distance from this point to the curve
of the transfer function is the gain margin, the horizontal is the phase margin. Like in the graph below.

65



Figure 60: Log Magnitude diagram of two open loop TF

8.7 Time-Domain Performance criteria in the frequency domain

One nice thing is that we may relate time domain specifications to the frequency domain. One is the phase margin,
which is found using the open loop bode diagram. For second order systems (or systems dominated a pair of
underdamped complex poles), it holds that

ζ = 0.01ϕP.M , ζ ≤ 0.7

If one wants to find the bandwidth of a system, without having to look at the closed loop bode plot, there is an
approximation for second order systems, that states

ωB = 1.6ωC , 0.2 < ζ < 0.8

8.8 The stability of time delays

Many control systems have time delays. There is an interval between the start of an event, and the resulting action.
A pure time delay with no attenuation, is represented by the transfer function

Gd(s) = e−sT

This factor adds a phase shit without altering the magnitude curve of the bode plot. The phase added is

ϕ(ω) = −ωT

In radians. Or ϕ(ω) = −ωT 180◦

π in degrees.
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9 Lecture 9

Pensum: CH: 10
Contents

• Basics of compensators

• Phase-lead compensation

• Phase-lead design

• Phase-lag design

9.1 Introduction and concepts

Very often it is not sufficient to only adjust a system parameter to obtain the desired performance. The design of a
control system is concerned with the arrangement of the system structure, and the selection of suitable components.
We often desire a set of performance specifications to be less then some desired values, but often encounter conflicts
of interest. An example could be a system where the aim is to have P.O ≤ 20% and ωnTp = 3.3. These are
conflicting, as decreasing ζ lowers ωnTp but increases overshoot. If neither requirement can be relaxed, then we
must adjust the control system. Such an adjustment is called a compensation.

A compensator is an additional component that is inserted into a control system to compen-
sate for a deficient performance.

9.2 Types of compensators

The general transfer function of a compensator is designated as

Gc(s) =
Eo(s)

Ein(s)
(9.1)

The different types of compensator are as follows:

• Cascade compensator: Placed in the feedforward bath

• Feedback compensator: Placed in feedback loop

• Output compensator: Placed after the loop

• Input compensator: Placed before the loop

Figure 61: Types of compensation
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9.3 Approaches to system design

9.3.1 Time domain vs Frequency domain

The performance for a control system can be described in terms of the time-domain performance measures or the
frequency domain measures.

Time Domain Performance Speciation

• Peak time Tp

• Maximum percent overshoot P.O for a step input

• Settling time Ts for a step input

• Sometimes rise time Tr

On top of this, there usually is a requirement for the steady-state error. The performance specifications are usually
defined in terms of desirable root locations of the closed loop transfer function T (s). So one can plot the root locus
for the open loop transfer function L(s) and check whether it passes through the desired locations. If it does not,
then a compensator can be added to ensure it does.

Frequency Domain Performance Speciation

In the frequency domain the system is usually described in terms of the following performance measures

• Peak of the closed loop frequency response Mpω

• The resonant frequency ωr

• The bandwidth ωB

• The gain margin G.M

• The phase margin P.M

One can plot the Bode plot of the open loop transfer function or closed loop transfer function (depending on what
is of interest) and see if specifications are met. If they are not, then a compensator can be added to alter the shape
the Bode plot until specifications are met.

9.4 Cascade compensator

The way we approach it is by the use of cascade compensator. We use lead and lag compensator (or a combination
of the two), who each serve their own purpose. The geneal formula for a casecade compensator is

Gc(s) =

K
M∏
i=1

(s+ zi)

n∏
j=1

(s+ pj)
.

Both lead and lag are first order compensators, so these are on the form

Gc(s) = K
(s+ z)

s+ p

The design problem becomes the selection of the zero z and the pole p, so that specifications are met.

9.5 Phase-lead compensator

A phase lead compensator is a first order compensator where |z| < |p|. This means that the zero is close to the
origin on the s-plane.
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σ

jω

−p
×

−z

Figure 62: Pole–zero diagram of the phase-lead compensator.

Such a compensator is of a ”differentiator type”, which means we’re adding phase. We may write this lead com-
pensator as

Gc(s) =
K(1 + ατs)

α(1 + τs)
=

K

α

(1 + s/z)

(1 + s/p)
= K

s+ z

s+ p

Where

• α =
p

z
> 1

• τ =
1

p

• p = αz

The phase angle for the lead compensator is given as

ϕ = tan−1 αωτ − ωτ

1 + (ωτ)2α
(9.2)

The relationship usually used is this one, to find the maximum phase angle added

sinϕm =
α− 1

α+ 1

A plot of this looks like

Figure 63: Maximum phase angle vs α

It flattens out at around 70◦, so if we need any more phase added, we’ll have to use more than on phase lead
compensator. A bode plot of a phase lead compensator provides insight into how it adds phase.
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Figure 64: Bode for phase lead

We observe some important things. The maximum added phase angle occurs at

ωm =
√
zp =

1

τ
√
α

Which is halfway between the pole and zero on a logarithmic scale.

9.6 Phase lag compensation

We once again operate with a first order cascade compensator. This time however, |p| < |z| meaning the pole is
closer to the origin than the zero. This introduces phase lag, instead of phase lead.

σ

jω

−p
×

−z

Figure 65: Pole–zero diagram of the phase-lag compensator.

This has the opposite effect of a phase lead compensator. It reduces gain, and induces phase lag (a reduction of
phase angle at certain frequencies). The transfer function for a phase-lag compensator is

Gc(jω) = Kα
1 + jωτ

1 + jωατ
= Kα

1 + jω/z

1 + jω/p

Xuping uses this form for design

Gc(s) =
1 + τs

1 + ατs
=

1

α

s+ z

s+ p

Where the second form is the one he uses to design. The second form there is usually some K in the system that
will have to be adjusted. Honestly unsure. Douglas uses this last one aswell. When using the last one however,
some gain K is still implemented to meet steady state requirements. I have to read up on this. We have that

• τ = 1/z
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• α = z/p > 1

The purpose of a lag compensator is not to take away phase angle, but rather to increase the steady state error
constants, and hereby decreasing the stady state error. It can also be used to move the cross over frequency, such
that the phase margin is actually increased. The lag-compensator decreases gain , so by decreasing the gain to 0
at a location where there is not a lot of phase, one can increase the phase margin. The ode plot for a phase-lag
compensator looks like

Figure 66: Bode of Phase Lag compensator

9.7 Phase-Lead design using the bode plot

There is a step by step on how to do this. Xuping also has a run through on his slides.

1. Evaluate the uncompensated system phase margin when the error constants are satisfied.

• Usually there is a requirement for Kp,Kv or Ka:

2. Allowing for a small amount of safety, determined the necessary addidtional phase lead ϕm (so add a little
more than needed)

3. Evaluate α from sinϕm = α−1
α+1

4. Assume K
α = 1 in Gs(s) in Gc(s) =

K(1+ατs)
α(1+τs) . (The gain will be adjusted in step 8).

5. Evaluate 10 logα and determine the frequency where the uncompensated magnitude curve is equal to −10 logα
dB. Because the compensator provided a gain of 10 logα at ωm, this frequency is the new ωm and crossover
frequency simultaniosly.

6. Calculate the pole p = ωm
√
α and zero z = p/a.

7. Draw the compensated frequency response, check the resulting phase margin, and repeat the steps if necessary.

8. Finally, for an acceptable design, raise the gain, K, compensator in order to account for the attenuation 1/α.

Recall that the standard formulation of the formula is K
α

1+s/z
1+s/p , so if we dont want to increase the gain, then

pick K accordingly (i don’t see a case there this is not just K = α).
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9.8 Phase-Lead design using Root Locus

Use the form

Gc(s) =
K

α

1 + s/z

1 + s/p
(9.3)

I think Find out where you want to boost your phase and place z and p around that point using the formulas. Then
you scale K so the total gain of your entire system is 1 at that point - which corresponds to 0dB. This is how you
enforce that the crossover frequency is there. The Design of a phase-lead compensator can also be accomplished
using the root locus. The locations of the compensator zero and pole are selected so as to result in satifactory root
locus for the compensated system. Basically we just use whatever performance requirements we need, and then we
figure out where we wish for our dominating roots need to be - from this we change the locus. The s-plane root
locus method is as follows:

1. List the systems specifications and translate them into a desired root location for the dominant roots.

2. Sketch the root locus with a constant gain controller, Gc(s) = K, and determine whether the desired root
locations can be realized.

3. If a compensator is necessary, place the zero of the phase-lead compensator directly below the desired root
location (or to the left of the first two real poles)

4. Determine the pole location so that the total angle at the desired root location is 180 and therefore is on the
compensated root locus (use the angle criterion - angles between zeros, poles and desired root).

5. Evaluate the total system gain at the desired root location (use the magnitude criterion that |KL(s)| = 1 and
then calculate the error constant

6. Repeat the steps if the error constant is not satisfactory.

Remember! Its always a good idea to leave some margin of error - especially if one is approximating. So do not
just go with the minimum requirements, aim a bit higher to ensure that you are sure you meet them!

9.9 Phase-Lag design using the root locus

jeg tror en anden metode er bedre her? If one wants to increase the error constant of a feedback controlsystem,
then the phase-lag compensator may be used, as it is an integration-type compensator. Recall the transfer function
of the phase lag compensator as

Gc(s) = K
s+ z

s+ p
= Kα

1 + τs

1 + ατs

Where

z =
1

τ
and p = z/α

I.E we have the opposite scenario regarding alpha, where now α = z
p > 1.

The reason this relates so well to error constants is, lets say we have an uncompensated system L(s) = KG(s).
Then the velocity error constant of a type-one uncompensated system is

Kv,unc = K lim
s→0

sG(s)

Now if we add a phase lag compensator on the shape presented above, then the velocity error constant becomes

Kv,comp = K
z

p
lim
s→0

sG(s) = Kα lim
s→0

sG(s)

Thus one can say that for the type-one uncompensated system that

α =
Kv,comp

Kv,unc

An important part of the process of choosing the pole and zero for the lag design is, that if we place them close
together, they will have a negligible impact on the root locus. Since their length from them to the desired root is
approximately the same, and their angles approximately cancel out when doing the angle criterion. But since α > 1
this must mean that both z and p must be close to origin for this to hold.

Designing a phase-lag compensator on the s-plane using the root locus can be done by following these steps
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1. Obtain the root locus of the uncompensated sytem with a constant gain controller Gc(s) = K.

2. Determine the transient performance specifications for the system and locate suitable dominant root locations
on the uncompensated root locus that will satisfy the specifications. Remember! Always be on the safe side,
as we usually use dominant root approximations.

3. Calculate the loop gain at the desired root location and thus the uncompensated system error constant.

4. Compare the uncompensated error constant with the desired error constant, and calculate the necessary
increase that must result from the pole–zero ratio α of the compensator. (Like was done above for the
velocity constant).

5. With the known ratio of the pole–zero combination of the compensator, determine a suitable location of the
pole and zero of the compensator so that the compensated root locus will still pass through the desired root
location. Locate the pole and zero near the origin of the s-plane.

The last requirement can be satisfied if the magnitudes of the pole and zero are significantly less than the ωn of the
dominant roots.
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9.10 Phase-lag design using the bode plot

The design of a phase-lag compensator can be accomplished on the Bode plot. Written in bode plot form the
transfer function is

Gc(jω) = Kα
1 + jωτ

1 + jωατ
= Kα

1 + jω/z

1 + jω/p

But i mean, its easier to do on this form

Gc(s) = K
s+ z

s+ p

The phase lag compensator is used to provide an attenuation and therefore lower the crossover frequency of the
system. This is smart, because we often find that the phase margin of a system is increased at lower crossover
frequencies, and thus this is a way to meet specifications. Recall that the bode plot looks like this. The procedure
on how to design a phase-lag compensator using the bode plot is as follows

1. Obtain the Bode plot of the uncompensated system with the constant gain controller, Gc(s) = K, and with
the gain adjusted for the desired error constant.

• In other words - start by finding what K needs to be to satisfy error constants, then plot Bode plot with
this K

2. Determine the phase margin of the uncompensated system and, if it is insufficient, proceed with the following
steps.

3. Determine the frequency where the phase margin requirement would be satisfied (look at the bode of frequency
and find the point where it would be satisfied if the Gain crossed over here). This frequency we call ω′

c. Allow
for 5 degrees phase lag from the phase lag compensator.

• So if your requirement is 45, find the place where the phase margin is 50. This is ω′
c.

4. Place the zero of the compensator one decade below the new crossove frequency ω′
c, - this ensures only 5◦

of added phase lag at the crossover frequency ω′
c. This essentially ensures that the effect from the zero has

added atleast 45 5◦ before ωc

5. Measure the necessary attenuation at ω′
c to ensure that the magnitude curve crosses at this frequency. (bas-

cially how far is the gain from 0 at ω′
c.

6. Calculate α by noting the attenuation introduced by the phase-lag compensator is −20 logα at ω′
c.

• This is due to the fact, that the at ω′
c the gain reduced by a factor of 20 logα. (i am unsure exactly

why?)

7. Calculate the pole as ωp = 1/(ατ) = ωz/α, and the dsign is complete.
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10 Additional Notes

10.1 Bandwidth’s effect on the transient response

As mentioned, a high bandwidth produces a faster response. By increasing the bandwidth of a system, both the
settling time and rise time reduce for a step input. A high bandwidth also has increased fidelity to a ramp input
- but how come? Imagine we apply a step input to a system. Mathematically such a sharp change contains both
high-frequency and low-frequency components in the Fourier spectrum. A system with low bandwidth filters out
the high-frequency components, such that the response is slow and smoothed. If we have a high bandwidth, it
preserves more high frequency content - so the response is sharper and faster. Recall that the bandwidth is where
the dB gain drops 3 dB from its low frequency value. So in the ”non-dB-gain” domain, this is corresponds to the
system returning approx 70% of the original amplitude of the input. So the higher bandwidth, will an output more
true to the input, for higher frequencies. Hope that explains it.
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